


Mach Learn

In Appendix A we prove the correctness of the algorithm under the following three
assumptions:

1. The distribution of the dataD is faithful.
2. For anyX andZ, Assoc(X; T|Z) 
 0 with equality holding if and only ifInd(X; T|Z).
3. The testsInd(X; T|Z) as estimated by the dataD returnIndP(X; T | Z).

Theorem 3. Algorithm MMPC(T, D) will return PCT .

4. Tests of conditional independence and measures of association

The algorithm is based on tests of conditional independence and measures of the strength of
association between a pair of variables. We now describe how such tests are implemented.

First consider the testInd(Xi ; X j | Xk). To implement the test we calculate theG2 statistic
as in Spirtes, Glymour and Scheines (2000), under the null hypothesis of the conditional
independence holding. LetSabc

i jk be the number of times in the data whereXi = a, X j = b
andXk = c. We deÞne in a similar fashion,Sac

ik , Sbc
jk , andSc

k. Then, theG2 statistic is deÞned
as (Spirtes, Glymour & Scheines, 2000; Neapolitan, 2003)

G2 = 2
�

a,b,c

Sabc
i jk ln

Sabc
i jk Sc

k

Sac
ik Sbc

jk

.

TheG2 statistic is asymptotically distributed as� 2 with appropriate degrees of freedom.
Assuming no structural zeros the number of degrees of freedom is:

d f = ( | D(Xi ) | Š 1)( | D(X j )| Š 1)
�

Xl � Xk

| D(Xl )|

whereD(X) is the domain (number of distinct values) of variableX. As a heuristic, Spirtes,
Glymour & Scheines (2000) reduce the number of degrees of freedom by one for each cell
of the contingency tables of the expected (under the independence hypothesis) distribution
(i.e., for eachSac

ik Sbc
jk product) that is equal to zero. In our implementation we calculate the

degrees of freedom following Steck & Jaakkola (2002) instead (see calculation of Effective
Number of Parameters).

The � 2 test returns ap-value that corresponds to the probability of falsely rejecting the
null hypothesis given that it is true. If thep-value is less than a signiÞcance level� (set to 0.05
in our experiments) the null hypothesis is rejected. If the independence hypothesis cannot be
rejected, it is accepted instead. A more detailed discussion on this use of independence tests
is in Neapolitan (2003) pp. 593.
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As a measure of association, i.e., functionAssocin the pseudo-code, we used the negative
p-value returned by theG2 test of independence: the smaller thep-value, the higher the
association. To break the ties among equalp-values we used theG2 statistic. Again, ap
value less than the 0.05 threshold is considered to indicate a zero association.

The value ofG2 requires computing the number of occurrences of all different possible
patterns of variablesXi , X j , andXk, i.e., Sabc

i jk , � a, b, c. For example, ifXk contains Þve
binary variables, andXi andX j are also binary, the number of possible patterns is 27. This
implies that the number of training samples required to accurately estimate the expected value
of these counts is exponential to the size of the conditioning set. Following the practice used in
Spirtes, Glymour and Scheines (2000) in our experiments we do not perform an independence
test (i.e., we assume independence) unless there are at least Þve training instances on average
per parameter (count) to be estimated.

The implications of this restriction is that at Lines 10, 17, and 18 in Algorithm 1 only
a limited number of subsets ofCPC actually participate to the calls to functionsInd and
Assoc. When sample is limited this method may allow false positives to be included in the
output (in the worst case all other nodes). This is the case, for example, if a variable,X
requires conditioning on at least two other variables to be maded-separated fromT, but the
available sample sufÞces to condition only on one other variable. Note that limiting the size
of the conditioning set does not limit the number of candidate parents of a node, as in the
Sparse Candidate algorithm. Rather it limits the size of the subsets ofCPC used in the tests
of conditional independence. For example,T might have ten variables in theCPC but the
conditioning set sizes in the tests might be limited to pairwise independence withT.

In order to compute theG2 statistic and count the possible patterns of the variables of
each test, we create an array storing each count, then traverse the training sample once to
compute them. The non-zero counts are identiÞed and used in theG2 formula. This technique
is exponential to the number of variables in the conditional set and linear to the number of
training cases. Better algorithms exist that only take time linear to the number of training
instances, independent of the size of the conditioning set. Also, advanced data structures
(Moore & Wong, 2003) can be employed to improve the time complexity.

Our implementation uses a� 2 test to assess conditional independence and strength of
association. We selected it because it is a statistical test (in contrast to the estimated mutual
information for example, see Section 13), it is asymptotically correct for a general discrete
multinomial distribution (e.g., it does not assume ordinal variables), and relatively easy to
compute (unlike for example a permutation test).

Any other reliable, parametric or non-parametric test to assess conditional independence
and strength of association could be used. For example, the Three Phase Dependency Analysis
algorithm included in our experiments uses tests based on the estimated mutual information.
We have conducted experiments (not reported here) with a Bayesian test of conditional inde-
pendence published in Margaritis and Thrun (2001) (preliminary results were inconclusive)
as well as a linear continuous conditional independence test (FisherÕs z-test; see Spirtes,
Glymour & Scheines, 2000, for details; preliminary results are very encouraging). Also,
proper sample-power calculations could be used when deciding to accept the null hypoth-
esis of conditional independence tests whenever distributional assumptions allow for such
calculations.

5. The Max-Min Hill-Climbing algorithm

In this section, we present the Max-Min Hill-Climbing algorithm (MMHC) for learning the
structure of a Bayesian network (Brown, Tsamardinos & Aliferis, 2004). The algorithm Þrst
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3. The results of the calls toMMPC are cached for use byMMPC.
4. If a previous callMMPC(X, D) has not returnedT, then removeX from considera-

tion during the invocationMMPC(T, D): a subsetZ has already been found such that
Ind(X; T|Z).

5. If a previous callMMPC(X, D) has returnedT, then it is possibleX also belongs in
PCT . As a heuristic instead of starting with an emptyCPC during the callMMPC(T, D),
includeX in theCPC at Line 2 ofMMPC (Algorithm 1).

None of the optimizations alters the Þnal output (and thus the correctness) of the algorithms
but they signiÞcantly improve efÞciency.

7. Time complexity of the algorithms

Typically, the performance of Bayesian network-induction algorithms based on tests of con-
ditional independence is measured in the number of association calculations and conditional
independence (CI) tests executed (Spirtes, Glymour & Scheines, 2000; Margaritis & Thrun,
1999). Since in our implementation they both take exactly the same time (both calculate the
p-value of theG2 statistic) we will not differentiate between the two.

In the Þrst phase, and when using the optimization for caching the results of the Max-Min
Heuristic described in the previous section,MMPC will calculate the association of every
variable with the target conditioned on all subsets ofCPC (in the worst case). Thus, the
number of tests in the Þrst phase is bounded byO(|V | · 2| CPC| ). In the second phase the
algorithm tests for the independence of any variable in theCPC with the target conditioned
on all subsets of the rest of the variables in theCPC, i.e., it performs at mostO( | CPC| ·
2| CPC|Š1) tests. Thus, the total number of tests in both phases is bounded byO(|V | · 2| CPC|).

However, as we explained in Section 4 the size of the conditioning subsets is limited
according to the available sample size and the domains of the variables. If we assume that
instead of conditioning on all subsets of theCPC we condition on all subsets of sizes up to
l , the number of tests is bound byO(|V| · |CPC|l+ 1).

In the worst case,CPC may grow to include all variables. The worst-case complexity
is prohibitive for all but the smallest problems. However, in practice (see timing results in
Section 9.2.1), we observed that the Max-Min Heuristic is powerful enough so thatCPC
is of the order of|PC|. With this assumption, the order of the complexity becomesO(|V| ·
|PC|l+ 1). With caching all the calls toMMPC the overall cost of identifying the skeleton of
the Bayesian network (i.e., callingMMPC with all targets) isO(|V|2|PC|l+ 1), wherePC is
the largest set of parents and children over all variables inV.

8. Related work

The literature in Bayesian network learning is extensive. Several of the algorithms detailed
here will be included in our empirical evaluation, found in Section 9. As mentioned in
Section1, the three main approaches to the problem are search-and-score, constrained based,
and hybrid.

Search-and-score methods search over a space of structures employing a scoring function
to guide the search. Some of the standard scoring functions are Bayesian Dirichlet (speciÞ-
cally BDe with uniform priors, BDeu) (Heckerman,Geiger & Chickering, 1995), Bayesian
Information Criterion (BIC) (Schwarz, 1978), Akaike Information Criterion (AIC) (Akaike,
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1974), Minimum Description Length (MDL) (Rissanen, 1978, 1987), and K2 (Cooper &
Herskovits, 1992). None has been proven to be superior and so for our experiments we se-
lected the widely used BDeu scoring. BDeu scoring has the attractive property that it gives
the same score to equivalent structures (Heckerman, Geiger & Chickering, 1995, Theorem
6), i.e., structures that are statistically indistinguishable (unlike the K2 scoring metric).

One of the most basic of the search algorithms is a local greedy hill-climbing search over
all DAG structures. A basic greedy search can be augmented with methods for escaping local,
sub-optimal maxima. For instance, random restarts, simulated annealing, or incorporation
of a TABU list are often added to a search procedure (Chickering, Geiger & Heckerman,
1995; Bouckaert, 1995). In our evaluation we use a greedy hill-climbing search algorithm
with a TABU list referred to as Greedy Search (GS) in Section 9 (see Section 5 for a detailed
description).

The size of the search space of greedy search (i.e., the number of possible DAGs) is super-
exponential to the number of variables. Two distinct approaches have emerged to improve
the efÞciency of these methods. The Þrst approach reduces the complexity of the search
by transforming the search space itself. For example, the Greedy Bayesian Pattern Search
(GBPS) algorithm transforms the traditional search over DAGs to a search over equivalence
classes of DAGs, called PDAGs (Spirtes & Meek, 1995) (see Section 9.1.4). The algorithm
in Acid and de Campos (2003) locally searches in the space of restricted acyclic partially
directed graphs (RPDAGs). One of the most prominent algorithms in this class is the Greedy
Equivalent Search (GES) algorithm (Meek, 1997; Chickering, 2002a,b), (included in our
evaluation). Greedy Equivalent Search, like greedy Bayesian pattern search (GBPS), also
searches in the space of equivalence classes (PDAGs), however, it has the attractive property
that it is guaranteed to identify in the sample limit the most probable a posteriori Bayesian
network provided that the data distribution is faithful. A similar algorithm has been proposed
in Kocka, Bouckaert and Studeny (2001) and a version that provides a trade-off between
greediness and randomness has also been proposed (Nielson, Kocka & Pena, 2003).

The second approach to improve efÞciency of the search uses constraints placed on the
search. TheK2algorithm (Cooper & Herskovits, 1992) combines theK2metric with a greedy
hill-climbing search and requires a total variable ordering. The ordering constrains the search
for parents of a node to nodes appearing earlier in the ordering. Another example is the Sparse
Candidate algorithm (Friedman, Nachman & PeÕer, 1999), which only allows a variable to
have a maximum of up tok parents (before the greedy search a set of candidate parents of
each node is estimated). Sparse Candidate is included in our evaluation in Section 9.

The same idea using a quite different approach is taken in the Optimal Reinsertion (OR)
algorithm (Moore & Wong, 2003) (also included in our evaluation). Starting from an initial
structure a target node is chosen and all arcs into and out of the node are severed. Subject to
constraints, the optimal set of arcs directed in and out of the target are reinserted. This search
operator is applied repeatedly until no additional changes can be made to the DAG structure.
Optimal Reinsertion makes use of specialized data-structures involving AD-search (Moore
& Schneider, 2002), an extension of AD-trees (Moore & Lee, 1998; Komarek & Moore,
2000) to make tractable the evaluation of search operators. Optimal Reinsertion is one of the
few algorithms that can identify parents that are connected to a node via a parity, or some
other non-faithful function.

The second main approach to Bayesian network learning are constraint-based techniques.
In general, constraint-based algorithms use tests of conditional independence and measures
of association to impose constraints on the network structure and infer the Þnal DAG. A
prototypical constraint-based algorithm is thePC algorithm (from the Þrst names of the
inventors, Peter Spirtes and Clark Glymour) (Spirtes, Glymour & Scheines, 2000) which
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was set to use hill climbing to optimize the Þnal network, as in the original publication of
the algorithm. The releasedORimplementation does not accept an equivalent sample size
parameter and uses an internally calculated default value.

The network priors in the BDeu score of Sparse Candidate (SC) are calculated as in
Heckerman, Geiger and Chickering (1995) where kappa� = 1/ (ESS+ 1) andESSis the
equivalent sample size. We follow the same practice in our implementations of the BDeu
score inMMHC and Greedy Search (GS). The network priors in Greedy Equivalent Search
(GES) are calculated following Chickering (2002a), while the method used to calculate them
in the Optimal Reinsertion (OR) implementation is unknown.

9.1.2. Networks

The networks used in the evaluation are mainly obtained from real decision support sys-
tems that cover a wide range of real life applications, such as medicine, agriculture, weather
forecasting, Þnancial modeling and animal breeding7. The networks are from the follow-
ing references: CHILD (Cowell et al., 1999), INSURANCE (Binder et al., 1997), ALARM

(Beinlich et al., 1989), HAILFINDER (Jensen & Jensen, 1996), MILDEW (Jensen & Jensen,
1996), BARLEY (Kristensen & Rasmussen, 2002), MUNIN (Andreassen et al., 1989), PIGS

(Jensen, 1997), and LINK (Jensen & Kong, 1996). We also constructed and used a Bayesian
network, we call GENE using the Sparse Candidate (SC) algorithm on gene expression mi-
croarray data (Spellman et al., 1998) with the same procedure as in Friedman et al. (2000).

We also desired to experiment with larger networks than what is available in the public
domain. In prior work (Tsamardinos et al., 2006; Statnikov, Tsamardinos & Aliferis, 2003),
we have developed a method that generates large Bayesian networks by tiling several copies
of smaller Bayesian networks until we reach a desired number of variables. The tiling is
performed in a way that maintains the structural and probabilistic properties of the original
network in the tiled network. Using this method we are able to examine the behavior of an
algorithm as the number of variables increases, while the difÞculty of learning the network
remains the same.

Using the tiling algorithm we created versions of several of the smaller networks. The
new Bayesian networks contained 3, 5, and 10 copies of the originals and are indicated with
the number of tiles next to the name of a network. Information on all networks included in
the study is given in Table 1.

9.1.3. Datasets

From each of the networks we randomly sampled 5 datasets with 500, 1000, and 5000 training
cases each (all datasets are available on the associated web-page online). The number of
training cases in a dataset is hereafter referred to as the sample size (SS).Each reported
statistic is the average over the 5 runsof an algorithm on these different samples from the
distribution of the corresponding network, unless otherwise stated.

9.1.4. Measures of performance

We employ two metrics to compare the algorithms in terms of execution speed. The Þrst
such metric is the execution time which is dependent on the speciÞc implementation, but

7All networks and data are available from the on-line supplement. Most of the data sets used are also available
at the Bayesian Network Repository, http://www.cs.huji.ac.il/labs/compbio/Repository.
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Fig. 7 Comparison of the True and Learned Networks around Node 53 in a tiled Alarm network with 5000
variables from 5000 samples. Node 53 was chosen as a representative example because the sensitivity and
speciÞcity in learning its Markov Blanket is the closest to the average sensitivity and speciÞcity of learning
Markov Blankets over all nodes

To get an intuitive sense of the accuracy of reconstruction of the network, we graph the
true and the learned network around a prototypical node (with index 53) in Fig. 7. The
neighborhoods of the graphs around a radius of two edges away from node 53 are plotted.
Node 53 was chosen as a representative example because the sensitivity and speciÞcity
in learning its Markov Blanket is the closest to the average sensitivity and speciÞcity of
learning Markov Blankets over all nodes (the selection process is similar to the one used in
Tsamardinos et al., 2003a).

Additional evidence of the scalability ofMMHC is found in a previously reported ex-
periment in Tsamardinos et al. (2003a).MMPC was run on each node and reconstructed the
skeleton of a tiled-ALARM network with approximately 10,000 variables from 1000 training
instances using the same hardware as above in 62 hours of single-CPU time (the task was
completed in approximately 16 hours of real time by parallelizing the skeleton identiÞcation
algorithm using 4 CPUs). In this experiment the sensitivity and speciÞcity are found to
be 81% (2572 missing edges out of 13640) and 99.9% (11068 extra edges) respectively.
To our knowledge these are the largest unrestricted Bayesian Networks reconstructed so
far (see Goldenberg and Moore, 2004, for reconstructing larger networks but of restricted
form).

9.2.8. Relative performance of the algorithms

In the results above, we calculate the normalized averages of an algorithmA based on the set
of networks on whichA terminated within the two day limit. This allows a direct comparison
with MMHC that terminated on all networks using all available data points. However, the
reader should exercise caution when comparing the averages of two algorithmsA andB
with each other as they are possibly calculated on different sets of networks. To facilitate
performance comparisons among any pair of algorithms, we present in on-line Appendix
D the same results as above calculated on the intersection of networks of a given sample
size on which all algorithms terminated (typically 10 to 12 networks out of 22 candidates).
From this intersection we excludedGESbecause it causes the intersection to drop to a size
of 3 networks. The results in Appendix D are consistent with the conclusions drawn in the
previous sections.
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Fig. 11 Relative performance ofGSon the four series of tiled networks: ALARM, CHILD INSURANCE, and
HAILFINDER. Each series comprises of the original network, and 3, 5, and 10 tiled versions of it. (a) Normalized
Structural Hamming Distance plotted against the number of variables in the networks. (b) Normalized number
of statistical calls performed plotted against the number of variables in the networks. While the relative learning
performance ofGSremains the same as the number of variables increases (a), the relative number of statistical
calls increase with increased problem size (b)

difÞculty in learning the network and its connectivity remains the same by construction
while the number of variables increases. This is graphically depicted in Fig. 11(a) where the
normalized Structural Hamming Distance of Greedy Search is plotted versus the number of
variables for each series: the relative quality of learning the networks remains the same as
the size increases (with an outlier for ALARM).

However, the number of statistical calls is greatly affected by the network size. In Fig.
11(b) we plot the normalized number of statistical calls of Greedy Search versus the number
of variables for each series of tiled networks and sample size 5000. As we can see, in some of
the small networks Greedy Search performs fewer statistical calls thanMMHC (normalized
number of calls is less than 1). As the number of variables grow, Greedy Search performs
more and more calls relative toMMHC. On-line Appendix E contains similar curves for all
other algorithms, sample sizes, and performance metrics.

11. PC vs. MMHC

In this section, we show thatMMHCis not a trivial extension ofPC, where the edge orientation
phase has been replaced with a search-and-score procedure. Instead, we show that the two
algorithms employ different strategies for identifyingd-separating subsets and reconstructing
the skeleton.

Table 8 shows the number of association calculations and conditional independence (CI)
tests (completed calls toInd andAssoc) per variable averaged out over all networks for both
MMHC andPC. The Þnal column of this table also presents the ratio of the number of CIs
performed byPC compared to that forMMHC. The average ratio is 24.2, 5.7, and 1.5 for
the sample sizes of 500, 1000, and 5000 respectively. Over all the networks and sample sizes
there are 30 cases wherePC performs fewer statistical tests ofInd andAssocthanMMHC.
In each of these cases,MMHC returns a higher quality network.

There are two main differences in the strategy for performing independence tests between
the two algorithms. The Þrst one is the Max-Min Heuristic employed byMMHC versus the
heuristic employed byPC (see Heuristic 3, Spirtes, Glymour and Scheines, 2000, pp. 90).
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Fig. 12 An example network illustrating the different strategies for performing tests of independence and
measures of strength of association betweenPCandMMHC. We assume nodesDi require conditioning on at
least two nodes to bed-separated fromT and that both algorithms are equipped with perfect heuristics for this
particular case. The column on the left is the list of tests of the formInd(C; T|S), for some subsetSperformed
by PCuntil it removes edgeT � C from further consideration (and the output skeleton). Notice that the tests
are ordered by the size of the conditioning set. The column on the right is the list of measures of associations
of the formAssoc(C; T|S) performed byMMHC to remove the same edge

PCÕs heuristic decides which conditional test to perform next based on pairwise associations
only, not conditional ones.

The second main difference is thatPC exhausts all possible tests with conditioning set
sizen, before performing any test with conditioning set sizen + 1. In contrast,MMHC does
not restrict itself to perform the tests in order of increasing conditioning set size.

Here follows an example illustrating the above argument. In Fig. 12 a network is shown
where variableT is connected to nodeC via nodesA and B. In addition, the structure is
such that nodesD1, . . . , Dn can only bed-separated fromT by conditioning on at least two
other variables. Let us concentrate on the independence tests and measures of association of
the formInd(C; T|S) andAssoc(C; T|S), whereSis some subset of variables, the algorithms
attempt to remove the edgeT � C from the skeleton. We will assume that both algorithms
are equipped with optimal heuristics i.e., will perform the least number of tests possible given
their search strategies.

PC will Þrst perform the testInd(C; T|� ) (and all other tests with conditioning set size
of zero). It will then perform the testsInd(C; T|A), Ind(C; T|B) andInd(C; T|Di ) for all
i = 1, . . . , n.11 All these tests will fail. Next, it will perform the testInd(C; T|A, B), which
will succeed, and the edge will be removed. Thus, edgeT � C requiresPC a total ofn + 4
tests of the formInd(C; T|S) to be removed from the skeleton.

MMHC will call MMPC(T, D) to determine whether there should be an edgeT � C
in the output.MMPC(T, D) will Þrst calculateAssoc(C; T|� ) during the evaluation of the

Table 8 Average Number of
Statistical Tests per Variable for
theMMHC andPC algorithms at
the Sample Sizes of 500, 1000,
and 5000. Ratio of Number of
Statistical Tests per Variable
performed byMMHC andPC

Ratio
Sample size MMHC PC PC/MMHC

500 147.4 3048.8 24.2

1000 179.5 851.0 5.7

5000 948.1 1200.6 1.5

11 This is because all edgesT � Di are still in the graph at this point, since we assumed noDi can be
d-separated fromT conditioned on only one node.
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(a) Alarm Network PDAG
around node 14

(b) PDAG structure learned by
MMHC around node 14

(c) PDAG structure learned by
SC, k=8 around node 14

(d) PDAG structure learned by
SC, k=9 around node 14

29

Fig. 15 The gold-standard network around node 14. Reconstructed area around node 14 of Alarm byMMHC
(b) and by Sparse Candidate whenk = 8 (c) and whenk = 9 (d). Bold edges indicate the structural orientation
errors made, dotted ovals indicate missing edges

index 14, which is the variable with the maximum in-degree of 4. The portion of the network
shown is extracted from the PDAG representation of the network; the comparison here be-
tween structures is analogous to how theSHDmetric is calculated. Parts (c) and (d) of the
Þgure show the reconstructed networks (converted to PDAGs) learned by Sparse Candidate
with k = 8 andk = 9 respectively after 3 iterations in each case. The bold edges denote
structural errors. Whenk = 8, not one but all fourof the parents{15, 16, 18, 31} of variable
14 are erroneously reported as children. The errors are propagated to other nodes, such as
variable 19 and a number of other false positive edges are added to the structure. Whenk is
increased to 9, the number of structural errors falls from 11 to 4, a sharp reduction. In contrast,
for variable 14, the candidate parent set as estimated byMMPCis the set{15, 16, 18, 31, 13}
that includes all the parents (and all children as it is supposed to). This allows hill-climbing
to discover the correct structure (Fig. 15(b)) within one iteration with only one missing edge
15 � 14.

In general, Sparse Candidate uses simpler heuristics thanMMHC to estimate the candidate
sets, however, it requires iterating between search and re-estimation of the sets.MMHC on
the other hand puts more effort in the initial selection of candidate sets so that only one search
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other useful information are available on-line to facilitate researchers to repeat the exper-
iments with new algorithms and/or implementations (http://www.dsl-lab.org/supplements/
mmhcpaper/mmhcindex.html). The version ofMMHC used in our experiments is available
at the same URL as above, and as part of the Causal Explorer 1.3 and its future versions.

Appendix A: Proof of correctness

Lemma 1. PCT 	 MMPC(T, D).

Proof: If X � PCT then because of faithfulness (Theorem 2),Dep(X; T|Z) and
Assoc(X; T|Z) > 0, for anyZ. Thus,X will be selected by the Max-Min Heuristic in some
iteration before the algorithm moves to the Phase II and it will eventually enterCPC; once
it enters it can never be removed because the independence tests will always fail forX
(Algorithm 1 Line 10). �

Lemma 2. If X � MMPC(T; D) and X �� PCT , then X is a descendant of T in all networks
G faithful to the distribution of the data.

Proof: Let G be the graph of any Bayesian network that faithfully captures the distribution
of the dataD (there has to be at least one since we assume a faithful distribution). By Lemma
1 the following holds:PaG

T 	 PCT 	 MMPC(T; D).
In Phase II ofMMPCwe condition on at least all subsets of the outputMMPC(T; D), and

so at some point we will condition onPaG
T . By the Markov Condition inG we know that

Ind(X; T | PaG
T ) for any non-descendant variableX � V \ PaG

T . Thus, if X � MMPC(T; D)
then eitherX � PaG

T or X is a descendant ofT in G. The latter condition has to hold since
we assumedX �� PCT . �

Theorem 3. Algorithm MMPC(T, D) will return PCT .

Proof: If X � PCT , then T � PCX and by Lemma 1,X � MMPC(T; D) and T �
MMPC(X; D). Thus, X will be included inCPC at Line 2 ofMMPC (Algorithm 2, and
the condition at Line 4 will fail; in the endX will be included inMMPC(T; D). Thus,MMPC
returns all members ofPCT .

Let us now suppose thatX is returned byMMPC(T, D) and thatX �� PCT (and so
T �� PCX). Since X passed the test at Line 4 (Algorithm 2),X � MMPC(T, D) and
T � MMPC(X, D).

Thus, by Lemma 2X is a descendent ofT in anyG faithful to the distribution of the data.
By the same LemmaT is also a descendent ofX in T. Since, Bayesian networks are acyclic
this is a contradiction and soX cannot be returned byMMPC(T, D) unlessX � PCT . Thus,
MMPC returns only members ofPCT . �
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