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Theorem 2. Let ENT ,ENi be any subsets of variables
such thatENT ⊇ NT andENi ⊇ Ni. Then,

Vi 6∈ NT ⇔ ∃Zk ∈ 2ENT \{Vi,T} ∪ 2ENi\{Vi,T},

s.t. I(Vi; T |Zk)

Proof. If a certificate of exclusion exists inENT or inENi,
then by Theorem 1,Vi 6∈ NT . Conversely, letVi 6∈ NT

and letG be the graph of any network faithful to the data
distribution. LetPaT ⊆ NT \ {Vi, T } ⊆ ENT \ {Vi, T }
be the parents ofT in G, andPai ⊆ Ni \ {Vi, T } ⊆ ENi \
{Vi, T } be the parents ofVi in G (notePaT ⊆ NT \{Vi, T },
because we assumedVi 6∈ NT ; similarly for Pai). If Vi is
a non-descendant ofT , thenI(Vi; T |PaT ) by the Markov
Condition. Similarly, ifT is a non-descendant ofVi, then
I(Vi; T |Pai). Either way, there exist a subset inENT or
in ENi such that the independence holds. One of the two
cases has to hold because the network is acyclic.




